We consider the asymptotics of the Perron eigenvalue and eigenvector of irreducible nonnegative matrices whose entries have a geometric dependance in a large parameter. The first term of the asymptotic expansion of these spectral elements is solution of a spectral problem in a semifield of jets, which generalizes the max-algebra. We state a "Perron-Frobenius theorem" in this semifield, which allows us to characterize the first term of this expansion in some non-singular cases. The general case involves an aggregation procedure à la Wentzell-Freidlin.
Introduction
Let A p denote a n n nonnegative matrix, depending on a large real parameter p.
We consider the nonnegative spectral problem:
A p U p = L p U p ; U p 2 (R + ) n n 0; L p 2 R + ; (1) where R + denotes the set of nonnegative real numbers. When A p is irreducible, L p is unique, and it is called the Perron eigenvalue of A p (see e.g. [4, Ch. 2] ). We call normalized Perron eigenvector the unique U p that satisfies P i (U p ) i = 1. In this note, we adress the following problem: can we determine the asymptotic behavior of L p and U p from that of A p ?
We begin with an elementary large deviation type result, which extends the result given in [10] for A p = (A p ij ). 
Indeed, 0 (U p ) i P j (U p ) j = 1. Hence, (U p ) 1 p i , which is bounded, has a limit point 0 U i 1, and max j U j = 1. It follows from (1) that (L p ) 1 p also has a limit point , which satisfies max j A ij U j = U i ; for i = 1; : : : ; n : (4) Now, it is convenient to introduce the max-times semifield 1 R max = (R + ; max; ; 0; 1). We recognize in (4) a spectral problem for the matrix A in 1 A semiring (S; ; ; 0; 1) is a set S equipped with two laws (a; b) 7 ! a b, (a; b) 7 ! a b, called addition and multiplication, respectively, such that (S; ; 0) is a commutative monoid, (S; ; 1) is a monoid, the multiplication distributes over the addition, and the zero element 0 is absorbing for multiplication. A semifield is a semiring whose non zero elements have an inverse. In any semiring, we can define the matrix multiplication as usual (e.g. in R max , (AU) i = L j A ij U j = max j A ij U j ).
the semifield R max . The R max analogue of the Perron-Frobenius theorem states that an irreducible matrix A has a unique eigenvalue, given by the maximal circuit mean max (A), which, by definition, is the right hand side of (3) (see e.g. [2, Th. 3 .100], [6, §VI] , [11, §3.7] ). Thus, = max (A) holds for all limit points of (L p ) In [1] , we prove via an extension of the Puiseux expansion theorem that when the entries of A p have Dirichlet series expansions (see [13] ,[14, Ch. VI]), L p and the entries of U p also have Dirichlet series expansions. Then, a fortiori, the limit U = (U i ) exists. It can be computed using an aggregation procedure. In §4, we only present the first step of this procedure, which is enough to determine U in some non-singular cases.
The problem of computing the limits and U arises in particular in Statistical Mechanics, when using the transfer operator methods at small temperatures T = 1=p (see e.g. [3] , [5] [7] .
The proofs of the results presented here will be detailed in [1] .
When max-times spectral theory determines the asymptotics
Let (S; ; ; 0; 1) denote an arbitrary semiring. With a n n matrix A with entries in S, we associate (as in conventional Perron-Frobenius theory) a digraph G(A) with nodes 1; : : : ; n, and set of arcs f(i;j) j A ij 6 = 0g. We say that A is irreducible if G(A) is strongly connected.
When the reflexive and transitive relation , defined by a b () 9c; b = a c, is an order relation, and in particular, when S = R max , we define the Kleene star a as the least upper bound of the monotone sequence (
When S is the R max semiring, we say that a circuit c = ( The max-times spectral theorem (see [2, Th. 3 .100], [6, Th. VI.10], [11, §3.7] and the references therein) states that if we select (arbitrarily) one critical column per critical class, we obtain a minimal generating set of the eigenspace of an irreducible matrix A. As an application of this result, we obtain: 
The zero element (0; 0) and the unit (1; 1) will be denoted by 0; 1, respectively.
This semifield was introduced in [8] . It is isomorphic to the semifield of asymptotic expansions of the form bB p +o(B p ) around p = 1, equiped with the usual addition and multiplication.
We will say that a nonnegative real valued function f of a large parameter p has a first max-jet (b; B), and we will write f(p) (b; B), if f(p) = bB p + o(B p ) around p = 1 (when (b; B) = 0, this means that f(p) = 0 for p parge enough). The above definition and notation will be extended to matrices and vectors (entrywise).
If A p and U p have first max-jets A 2 (J max ) n n and U 2 (J max ) n respectively, it follows from (1) that L p has also a first max-jet L 2 J max , which satisfies AU = LU. Thus, the max-jet U of U p , if it exists, will be characterized in the particular cases when all the eigenvectors of A are proportional. We next state a J max analogue of the Perron-Frobenius theorem.
For any subgraph C of the digraph associated with a matrix A with entries in any semiring, we denote by A C the matrix with entries A C ij = A ij if (i; j) is an arc of C, and A C ij = 0 otherwise. Given an eigenvector U 2 (R max ) n of a matrix A 2 (R max ) n n , the saturation graph S(A; U) is the subgraph of G(A) with set of arcs f(i;j) j A ij U j = max (A)U i g.
INRIA
Let A = (a; A) 2 (J max ) n n . Clearly, A has an eigenvector U = (u; U) 2 (J max ) n , with eigenvalue L = ( ; ), iff AU = U; a S(A;U) u = u (7) (the first identity is a spectral problem in R max , the second identity is an ordinary nonnegative spectral problem). The saturation graph in general depends on the particular choice of U, but when A is irreducible, for all eigenvectors U of A, CG(A) S(A; U), and any circuit of S(A; U) is contained in CG(A). The matrix a CG(A) is block diagonal, the blocks being exactly the critical classes. We call basic classes of A = (a; A) the basic classes of a CG(A) in the usual sense, i.e. the classes with maximal Perron eigenvalue. We denote by (b) the usual Perron eigenvalue of a matrix b.
THEOREM 3 ("PERRON-FROBENIUS THEOREM" FOR MAX-JETS). An irredu-
cible matrix A = (a; A) 2 (J max ) n n admits the unique eigenvalue
The characterization of the eigenspace is more subttle in J max than in R max . We will only need the following simple result.
THEOREM 4 (GEOMETRIC SIMPLICITY OF THE EIGENVALUE).
An irreducible matrix A = (a; A) 2 (J max ) n n has a unique eigenvector (up to a proportionality factor) iff it has a unique basic class. An eigenvector U = (u; U) is obtained as follows: U is a column of (Ã) , whose index belongs to the basic class; u is a positive eigenvector of a S(A;U) .
As a consequence of Theorems 3 and 4, we obtain: THEOREM 5 (FIRST ORDER ASYMPTOTICS). If A p has a first max-jet
Moreover, if A has a unique basic class, then U p has a first max-jet, which is the unique eigenvector U of A with sum 1.
Aggregated matrix
When the matrix A has several basic classes, the determination of the limit eigenvector relies on an aggregation procedure, the first step of which we next describe. 
Here, I is the B B identity matrix, and for all (possibly rectangular) matrices X 1 ; : : : ; X k , diag(X 1 ; : : : ; X k ) denotes the (possibly rectangular) block diagonal matrix with diagonal blocks X 1 ; : : : ; X k .
In the sequel, we will identify the max-jet (resp. the matrix of max-jets) (b; B)
to the function p 7 ! bB p (resp. p 7 ! (b ij B p ij )). This allows us to write A p = A BG(A) + R p , where BG(A) denotes the subgraph of CG(A) with set of nodes B. In general, the remainder matrix R p has negative entries.
Let 
Using Lemma 6, we obtain the following result. ---
THEOREM 7 (SECOND ORDER ASYMPTOTICS
L p = J (A) + J (A 0 ) + o( J (A 0 )) ;(11)f1g, andÃ = 1 K ?2 L ?1 K ?2 L ?1 L ?2 , (Ã) = 1 K ?2 L ?1 K ?2 L ?1 1 . By Theorem 5, U p 1 (K ?2 L ?1 ) p ] T . By symmetry, if H < 0, then U p (K ?
Version française abrégée
Soit A p une matrice n n à coefficients réels positifs ou nuls, définie au voisinage de p = +1. On considère le problème spectral (1) (10) .
